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%O1 A O 8-Point CirdleA

In thisstarter activity you will be introduced to Object Selection anel Rightclick Menu, which
are used in mosAutograph files.

[
Open a new 2D Graph Page.

Go to Axes and untick Show Key
1 Select Equal Aspect Mode
E Remove the Axes.

9F  Add three pointsanywhere.

L\X Slectany two points thenright-click andchooselLine Segment.

There are three ways of selecting more than one object:
1. Hold down Shift whilst clicking on each object.

2. If the objects are points, click and drag a selection rectanglend them.

3. Use Whiteboard Modgl which allows you to select more than one object without
holding down the Shift key.

Repeat for the other two pairs of points to complete the triangle.

Select all three lines and make them the same colour.

&

Selectany two points, then rightlick and select MidPoint. Repeat for the other pairs.

&

Select any vertex and the opposite side of the triangle, then1itjbk and choose
Perpendicular Linelhis is called an Altitud®epeat for the other vertices.

Select all three altitudes and make them the same colour.
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5F  In Point Mode hold down the Ctrl key and move the cursor to the intersection of an
altitude and a side of the triangle. When the cursor changes to a small ciretdid&fto
attach a point to he intersection. Repeat for the other two altitudes.

9F  Inthe same way attach a point to the intersection of the three altitudes.

E\X Select the intersection of the three altitudes and a vertex, then faick and choose
Mid-point. Repeat for the other twwertices.

¢CKS bAYyS t2Ayda 2F 9dz SNDa / ANDfSY
1. The three migpoints the sides of the triangle.
2. The three intersections of the sides and the altitudes.

3. The three migboints between the vertices and intersection of the altitudes.

E\g Select anytiree of these points, then rigktlick and choose Circle (3 pts).

E\K Select one of the vertices of the triangle and move it.
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Best Practice

An Example of Bad Practice

Open a new 2D Graph Page.

ﬁ' Enter the equation: y %(x¢ 1)

If you follow thesdnstructions Autograph will plot a perfect quadratidowever the students
have not had the opportunity tpredictwhere the curve crosses the axes, what happens to the
curve for large negative andrgepositive values of x, where ¢hmaximums and minimusnare,
the general shape of the curyetc When asked in future what the shape of the curve y x(x
1) is theymay recall it or know how to enter it in Autogragut it is unlikely tiey will

understand why it is thghapeit is. What will they answer hen asked about y = x{<)(x¢ 2)?

The Three Step Rule
An Autograph activitydilowing best practice consists tife following three steps:

1. Set upthe problem
2. Predictthe answer
3. Showthe answer

Autograph has two simple powerful features which help wité second (and most important)
step, the Scribble Tool and Slow Plot Mode.

Set up
[,
Open a new 2D Graph Page.

# Turn on Slow Plot Mode.

In Slow Plot Mode graphs are plotted slowly from left to right, and plotting can be pause
allow for predictiondo be made. Slow Plot Mode will stay on until it is turned off again. You
do not need to turn it on again every time you open a new page.

“F  Enter the equation; y = xg1)

I?F Click Pause Plotting immediately.
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Prediction
y Students can se the Scribbl@ool tomark their predictions.
Students can use the Scribble Tool to mark the points where the curve crosses the axe:

happens to the curve at large negative and large positive values of x, where the maximums
and minimums are, the general shapktloe curve, etc.

Show

I?F Click Pause Plotting agairhe graph will now plot slowly from left to right, hopefully
passing through the pointthe studentshave marked with the Scribble Tool

About these Autograph Activities

m When you see this icon you should give your students the opportunity to predict what
will happen next before continuing.

We have not givedetailedinstructions foreach prediction step as we hagaéned to keep the
activities in this training material coise.
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Whiteboard Mode and the Onscreen Keyboard
Open a new 2D Graph Page.

“F  Enter the equation: y = )ﬁ‘
Suppose you now want to use Autograph from your interactive whiteboard.

Go to View > Preferences > Whiteboard and make sure all four ogtrenticked.

];l Turn on Whiteboard Mode.

At this point you should notice that lines are thicker, text is enlarged and the Onscreen
Keyboard has opened.

E Click Text on the Onscreen Keyboard to show more keys.

Use the keyboard to enter the equation: y x@)2+ b @

Attach a point to the curve y = x#ght-click and choose Vector. Enteg . @

0
g
E Click Text on the Onscreen Keyboard to return to the minimum configuration.

Use the left and right arrow keys on the Onscreen Keyboard to move the pointtalong

guadratic. 3

In Whiteboard Mode to select more than one object you simply click on the objects in tu
You must remember to deselect everything before starting a new selection. You can de
everything by clicking in an unoccupied part of raph area or by pressing Esc on the
Onscreen Keyboard.

Click Esc on the Onscreen Keyboard to deselect everything.

00
9F  Attach a point to the curve y = {@)2 + b at (0, 2) and a point to the curve y = x2
at (0, 0).

Click in arunoccupied part of thgraph area to deselect everything.
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RK Click on the point at (0, 0) and the curve y € &2 + b, so they are both selected. Then
right-click and choose Move to Next Intersection.

Deselect everything.

I:d Select the points at (0, 2) and at the intersectadrthe quadratics, rightlick and
choose Find Area. Select Trapezium Rule.

Deselect everything.

i
:'} Select the area between the curves and click Animate Object. Increase the number of

divisions to 50 3

Select the area between the curves and click Bo®. Use the Onscreen Keyboard to
OKI'y3aS G4KS g2NR a! NBF¢ G2 a! NBF . SigSSy (g2

Click and drag the yellow diamond so it is pointing at the area between the curves.

Use the Constant Controller to change the values of a aran.

=
g =

The Onscreend¢board can be used to type mathematics in other applications, e.g. emails.

{é‘ Open Notepad.

E 'aS GKS hyaONBSy YSedxxlsimRrciz Ge8LISY k MkKomM b

The character” will not display correctly because it is not in most fonts. Go to Format >
Font and select Arial for Autograph Uni.

The Arial of Autograph Uni font was specially commissioned for Autograph to support ct
mathematical symbols that are not available in normal fonts.
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Other Autograph Resources

Technology in Secondary Mathematics
www.tsmrresources.com/autograph

Visit the Technology in Secondary Mathematics (TSM) Autograph page for resources, including:

1. Images
2. Data
3. Curriculums

TSM Workshop 2013
www.tsmrresources.com/tsr2013

The annual TSM wkshop has now been running for Ygars and provides the opportunity for
teachers of mathematics to learn how to use Autograph and other softwateeiclassroom.

The worlshopgivesparticipants time to learn Autograph at their own pace. For those wishing to
go a bit further there is the chance to qualify as an Autograph Certified Trainer.

Student Worksheets by Alan Catley
http://www.kangaroomaths.com/free resources/autograph/

Introductory materials, lesson plans, pupil sheets, instruction sheets and much more

Resources by Mr Barton

Mr Barton is author of the two Autograph books and has created a sefi@atograph Activities
(http://www.mrbartonmaths.com/autographact.hthand Videos
(http://www.mrbartonmaths.com/autographvidesmrb.htm).
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Quadratic Equations
In this activity we explain how to enter equations and introduce Slow BletScribble Toand
the Constant Controller.

[,
Open a new 2D Graph Page.
Edit the axes sb12 X KL2 andb6 Xy HE.
Select EquaAspect Mode.

Turn on Slow Plot Mode.

dJ R IF K

Enter theequation'y = ax2 + bx + ¢
Click Edit Constants and set a H ,1and c=12, so initiallyy = x2 + % 2.

To enter x? type xx or press At

I?F Click Pause Plottinghmediately

Y

Use the Scribble Tool to mark tpeints where the graph y = x2 2 crosses the axes,
any minimums or maximums, etc.

Click Pause Plotting again.
Select the graph and add a Text Box, tick Show Detailed Object Text.

Enter the equation: x sb/(2a) 3

= 4 [ =P

Use the Constant Controller to change the values of a, b and c. Observe the relationship
between the vertical line and the quadratia
Choose a parameter in the Constant Controller using the-daypn list. Change the value o

the parameter usinghe up and down arrows and change the step size using the left and
right arrows.
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Make a conjecture about the position of the line kb#(2a) in relation to the gadratic
y = ax2 4x + ¢. Can you prove this conjecture?

K
B Change the values of a, b ando 1.

W

Select the vertical line, then rigletick and choose Delete Object.

—
3
—

Enter a point with coordinates (l#?4ac, 0).@

Select the point, then rightlick and choose Circle (Radius). Enter 0.4 and click OK.

Select the point and add a TeBox, tick Show Detailed Object Text.

= B =

Use the Constant Controller to change the values of a, b a@c.

Take careful note of the values oftbdac and the corresponding position of the graph
y = ax2 + bx + ¢ for various values of a, b and c¢. Hirlt:dtdwow many times the graph hits the
x-axis and compare this to whé®# b 4ac < 0, bk 4ac = 0 or bk 4ac > 0.

Make a conjecture about how you can tell the number of roots there are to
ax2 + bx + ¢ = 0 by calculating the value df #&c.

\
+bx+c\ b*

y=ad —4ac, 0)
a=05 a=05
b=1 4t b=1

c=0 c=0

Bl Equation 11y =ax +bx+ ¢

www.autographmaths.com 12
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Linear Pr ogramming

Problem
A group of students is planning a day trip to London to raise money for ch@ihigy have
priced tickets at £10 for adults and £5 for children.

Constraint 1: The minibus they have hired can only seat 14 people.
Constraint 2: The eventilvonly run if there are 10 or more people.
Constraint 3: There must be at least as many children as adults.

Solution
Let x be the number of children and y be the numbgadults, then the three constraints can
be expressed as follows:

ConstrainmY E b & X wmn
/ 2YyaGNFXAyld HY E b & X wMn

Constraint 3: xy

Open a new 2D Graph Page.

fd

& Edit the axes so B XKL5 and Ky >KL5.

9 Enter the equatios: x + yKL4, x + yk10 and xKy a
Type <= to getand >= to gek

The students want to makas much money as possible for charity, in mathematical terms they
want to maximise 5x + 10yWe call this the Objective Function.
= 1
“F  Enter the equation; 5x + 10y ﬂ'
Click Edit Constants and set k = 10

M B  Use the Constant Controller to find the maximuaiue of5x + 10yand the respective
values of x and y) such that the objective function remains in the feasible region.
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Cubic Investigation

In this investigation students would normally first be introduced to a special case, for example
y =(x¢ 2)(x+ 3)(x + 4)and then asked to look at this more general case.

fd

&

o

8

Open a new 2D Graph Page.
Edit the axes sb6 X K5 andb30 Xy XG30.

Enter the equation: y = a)(xb b)(xk c) @
Click on Edit Constants and setb2=b =1 and ¢ = 5.

Select the curve anplacea pointat x = a. 3

Select the point and add a Text Bokickw S Y2 @S ho 2S04 ¢

w»
me
[N
<,
Py

Repeat for b and c@

Select the curve anHnter Point on Curve at= (a + b)/2, which is the-xalue of the

mid-point of the roots x =a and x = a

Select the point, then rightlick and choose Tanger@

What do you notice about where the tangent crosses thaxis?

N

®
H B

Select the tangent, rightlick and choose Edit Draw Options. Change the Dash Style to
Dashed.

Repeat for the migpoint of the roots x = b and x = ¢, and then for the 4madnt of the
roots x =a and x = C.

Use the Constant Controller to change the values of a, b aMiltat happens when
two roots are equal? Can you make two of the tangentsiel

Now that you have seen this result can you prove it mathematically? Assuming one of the roots
is 0 will make the mathematics a little easier.

www.autographmaths.com 14
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Iteration
Many equations cannot be solved using conventional methfmeexample 2= %. In such
casesve need to use numerical methods to find solutions.

[,
Open a new 2D Graph Page.

fd

& Edit the axes sb6 kK6 andb30 X %3O0,

9 Enter the equations: y =2nd y = xf@

The * character is available through the Arial for Autograph Uni Font.

By eye what do you think thecoordinateis at the intersection of these curves?

L\X Select both curves and press Delete.

Show that you can rearrangé 2 ¥ as x =Z)"(1/3). Therefore the x coordinate at the
intersection of the graphs y = x and y294(1/3), is the same as the coordinate at the
intersection of y =2and y = x3.

We are going to use the iterative formula.x= (2")"(1/3) to find the solution to this equation.

1}

1 Select Equal Aspect Mode.

“F  Enter the equations: y 29°1/3)and y = X
S

Add a point to the line y = x.

L\X Select the point and the curwe=(2X)"(1/3), then rightclick and choose x=g(x) iteration.

Click on the right arrow tstep through the iterationWhat appears tde happening on
the graph page and in the dialog?

Zoom in to inspect more closely what is happening.

= P

Select and drag the start point.

www.autographmaths.com 15
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Parametric Equations

Many different types of equation can be entered in Autograph: cartesian, trigonometric,
exponental, hyperbolic, implicit, conics, polar, parametric, piecewise and differential. In this
activity we look at a parametric form of thessajous equation.

Open a new 2D Graph Page.

Select Radians.

Select Equal Aspect Mode.

R I P

Turn on Slow Plot Mode.

Enter the equation: x = cds#t], y = sint@
The default value fab is 1, so initially this equation is x =cost, y = sint.

4l

M B  Open the Constant Controller and set the step size to 1 so we are only considering
integer values ob. Investigate the family of curves by varymg

What can you say about the ranges of x and y for those cui#e® can you say about the
value ofb if the curve is closed? Is there a relationship between the valleaofd the number
of regions enclosed by the curve?

K
KM Seth=2.

Fi‘rq Click Replot, and leaveXy XQ .

Notice how the graph is traced and retraced. Try different valués &f the graph always
retraced? Make a conjecture about the valueband the nunber of times the graph is traced.

K
B Change the step size to 0.1 and repeat the investigation tafdkis offers any insight
into what happens between odd and even value®.of

0 Open Help (F1) and navigate to Resources > Example Equations: 2D > Raramet
Equations and try some of the examples there.
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Binomial Theorem

The Binomiahpproximation ioften usedfor approximaing powers of numbers close tb, but
how close to 1 do we need to be in order for the approximation to be any géai?eference
bSé6lG2yQa IASYSNIftA&ASR . Ay2YAlLf GKS2NBY Aay

P ® piw ) : o E

[
Open a new 2D Graph Page.

3 Enterthe equation:y = (1 + x)’\(SIz
1'aS 0KS bSgilz2yQa IASYSNIfAASR . Ay2YthdBinomiaKS2 NBY (2
series for (1 + x)(5/8).

(3) Select the curve anBnter Point on Curve at= 0.

E\K Select thepoint, then rightclick and choose Tangera

H Turn on Slow Plot Mode.

9 Enter your two terns approximationtoy = (1 + x)"(5/8,a‘
Click Draw Options and change the Dash Style to Dotted and the Line Thickégiss to

What can you say about this approximation and the tangent to the curve at x = 0?
= 1
3 Calculate the third term and entéhe three terms approximationa

ﬁ%- Zoom in to inspct how good the approximation is for small x.

3 Calculate the fourth term and enter the four terms approximathﬁ
For each of the approximations over what domain would you be happy using the

approximation?

O For approximations to other functions sehrthe Help (F1) foMaclaurinSeries.
Autograph allows you to animate the number of termghe approximation up to 10.

www.autographmaths.com 17
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Trigonometry

In this activity we will demonstrate a link between the graphs of trigonometric functions and the
unit circle.

[,
Open anew 2D Graph Page.

Go to Axes and untick Show Key

W

Edit the axes sb2 XX K7 andb7 Xy HQ.

Select Radians.

P

Select Equal Aspect Mode.

—
]
—

Enter a point with coordinate${, 0).

[z

Select the point and add a Text Box, click Remove Object TeQKidy 3S A0 (2 a! ¢ ®

&

Select the point, then rightlick and choose Circle (Radius), leave the radius at 1.

i
o 3
“—

Select the circle anBnter Point on Curve at=* . By default = 1. 3

Use Alit to enter* .

Select the point and add a Text Box, clic§ Y2 S ho2S00G ¢SEG | yR OKIl y

L\X Select both the points, then rigltlick and choose Line Segment.
(3) Enter a point with coordinates (0, 0).

{StSO0G G(KS LRAYG YR FRR I ¢SEG .2EX Oft A01 w!

L\X Select points GA and B in that order, rigktlick and choose Angl&ick Allow Reflex
Angle.
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()

Select point B, then rightlick and choose Horizontal Line.

Select the Horizontal Line afmhter Point on Curve at=" . 3

Select the point and add a Text Box, click R&Bo ho6 250G ¢ SEDE Wy R OKI y3a$§

Selectpoint D, rightclick and choose Trace Point.

Open the Constant Controller and change the valfieto 0. Decrease the step size to

0.01 andthe use the up arrow to increaseup to 2 . @

What do you noticeabout the trace of the point D?

L]
M B

()

Set’ =1.

Select point B, then rigktlick and choose Vertical Line.

Select the Vertical Line arithter Point on Curve at=b" .

{StS06G GKS LRAYG YR IRR I ¢SEG .2EZ Of A 0]
Select point E, rightlick and choose Trace Point.

Open the Constant Controller and change the valuetof0. Decrease the step size to

0.01 and the use the up arrow to incredseap to Z . 3’

What do you notice about the trace of the point E?

Thereare other trigonometric functions represented in the unit circle. Can you create the graph
of the tangent in the same way?

www.autographmaths.com 19
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Trigonometric ldentities

We present a graphical alternative to the standard geometrical way of demonstrating
trigonometric identiies.

[,
Open a new 2D Graph Page.

fd

& Edit the axes sb4™ XOKA™ andb4 XXy 4. Change x Numbers toand Pips to /3.
Change y Numbers to 1 and Pips to 0.5.

Toenter (& LIS & LJA é-P. Zd\ehtetpdss AKT.! £

On the Labels tab change the x Variable and Label to

H. Turn on Slow Plot Mode.

3 Enterthe equation: y = s‘ina

What would the equation y = sintook Iike’?@

ﬁ' Enter the equation: y = sih2

To enter 2 press Al2.

How could this equation be expressed differently using the cosine func @1?

We will start by plotting the cosine function.

ﬁ' Enter the equation: y = cbs

How could you change the equation to make it have the same paﬂl?

3 Enter the equation: y = cos(2

How could you change the equation so it has the same amplitlae?

“F  Entertheequationt ' oyO23a06H" 0

www.autographmaths.com
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What do you need to change to make the minimums and maximums coin ae?

“F  Entertheequationt ' bLoyO2Aa06H° 0

How would you make the range of the graplatch? ﬁ

“F  Enterthe equationy =¥ 0yO2 &6 H " U
The two equations now coincide, to make it clearer we can change the style of one of the lines.

Doubleclick the equatiory = ¥4 oyO 2 & id thé Key. Click Draw Options. Change the
Thickness to 6 pt and setex dotted dash style.

Try investigating the following trigonometric identities in the same way:

1. sinZ +cos2 =1
2. cot? + 1 = coset?
3. tan' =sirf /cos

Whilst thisactivityis not a proof it does provide a visudgdmonstration of the trigonometric
identities.

www.autographmaths.com 21
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Conic Sections

Open a new 3D Graph Page.
Enter the polar equation of a cone: r @

Enter the equation of a plane: z xab ﬁ
The constants a and b are 1 by default.

@ gl

Use Drag Mode to view the intersection of the cone and the pfamma different angles.
What shape is the intersection?

M B Use the Constant Controller to deease the value aito 0.5. What shape is the
intersection now?

KM Use the Constant Controller tiecrease the value adto 0. Whatshape is the
intersection now?

HM Use the Constant Controller to increase the valua tf 2.

@ Use Drag Mode to view the intersection of the cone and the plane from different angles.
What shape is the intersection?

www.autographmaths.com 22
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Sound Mirrors
In the 1920s, some very large structures were built gltre South Coast of England to deal
with the increasing threat of aerial attack.

9 vy (i Sohdd #lirrors into Google to find out moreAt what distanceould an incoming aircraft
be detected2Vhat size is the largest existing mirror?

Use Flash Eartfwww.flashearth.comto locate thesound mirromear Dungeness and Lydd
Airport. Use RAnt Sceento grab aimage of the mirror, paste into Paint, crop as required, and
save in jpg format.

[
Open a new 2D Graph Page.
1 Select Equal Aspect Mode

Rightclickand choose Insert Imagbrowse to your sound mirror image.

Doubleclick on the imaggeuntick Scale Image with Axasd increase the transparency
to 50%.

L\X Move the image so that the centre of the curved edge is at the Origin.

@ Use Drag Mode to mowdrag the graph area to the left.
This mirror faces almost exactly due East. What curve do you think will fit the sW#pa?
about a parabola?

3 Enter the equation: x by? 3
The default value fob is 1, so initially this equation is x = y2.

®
KM What do you need to do to the value of b to move the curve towards the mirror? Make
a note of the value of b that fits the mirror well.

It seems pretty clear that the sound mirror is parabolic, but why? We will now investigate what
happens tasound (oright) that arrives at this parabola parallel to theaxis

E\K Select the image of the sound mirror and delete it.
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.t

[iz]

i & = o

s & &7 &

Put a point on the parabola.

¢
¢
o
w»
m
[N

{StSOG GKS LRAYOG yR |
Select point P, rightlick and choose Normaﬂ

With the point still selected, rightlick and chooselorizontal Line
Put a point on the Horizontal Line to the right of the point P.
{StSOG GKS LRAY(G YR FRR | ¢SE

Select the points P and R, rigtlick and choose Group to Shape.

.2EZ Of A 0]

.2EX Of A0]

Select the Shape (you may need to click twice to deselect the Horizontal Line). Hold Shift

and select the Normal. Righlick and choose Reflection.

SelectR then Pright-clickandchooseCreate Vector. Repeat for the reflection.

Drag point P around the parabola and make a note of what you observe.

-4+

E Equation 1: x = by*

www.autographmaths.com
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Transformation Geometry
MM Open Autograph in Standard Level.

If Autograph is already open go to View > Preferences > General andSizledard
Level.

Go to Axes and untick Show Key

Autograph can be used in Standard or Advanced Level. As a general rule Advanced Le
should be used when calculus or radians are introduced.

Open a new 2D Graph Page.
Edit the axes sb10 X XXL0andb10 Xy >KLO, and set the pips to 1.

&

1 Select Equal Aspect Mode.
-1_- Select Grid Snap Ones.
00
S

Place four points within Bk X4 and Oy 4.

In the classroom ask four students to come to the board to add a point each:
1. If you have an interactiwghiteboard let the students add the point using Point Mode.

2. If not give each student a coloured counter with bluetack on the back and ask the stu
to place the counter on the board. Then add a point there yourself using Autograph.

Label thepoints A, B, C and D.

L@ Select all the points, rigktlick andchooseGroup to Shape.

Rotation
We are now going to rotate the shape 90° clockwise about (0, 0)

[=
5F  Place a point at (0, 0).
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f Use the Scribble Tool to predistherethe points A, B, C and DIWbe after they are
rotated 90° clockwise about (O, 0).

[\X Select the shape and the point, rigtlick and choose Rotation.

f Use the Scribble Tool to prediathere the points A, B, C and D would be if the rotation
was increased to 180° clockwise aboutdp,

i
:'} Select the rotated shape and click Animate Object. Use the right arrow to increase the
rotation to 180°.

E@ Doubleclick on the rotated shape and untick Show Construction Lines.

Go to Edit > Select All Scribbles and press Delete.

Enlargement
We arenow going to enlarge the rotated shapg a factor of 2 with the centre of enlargement
at (0,L5).

El-ﬂ- Place a point at (&5).

y Use the Scribble Tool to prediathere the points A, B, C and D will be aftex shape is
enlarged by a factor of 2 with éhcentre of enlargement at (85).

Select the rotated shape and the centre of enlargement, ridiak and choose
Enlargement.

y Use the Scribble Tool to prediathere the points A, B, C and D would be if the
enlargement factor was increased to 3.

Select the enlarged shape and click Animate Object. Use the right arrow to increase the
enlargement factor to 3.

What will happen when the enlargement factor is less than 1?7 What will happen when it is 0?
What will happen when it is negative?

www.autographmaths.com 26



Autograph Training Material

E\K Doubleclick on theenlarged shape and untick Show Construction Lines.

Go to Edit > Select All Scribbles and press Delete.

Reflection
We are now going to reflect the enlarged shape in the line y = x.

Enter the equation: y = X

=

=

y Use the Scribble Tool to prediathere the points A, B, C and D will be after the shape is
reflected in the line y = x.

Select the enlarged shape and the line y = x, fidiick and choose Reflection.
Go to Edit > Select All Scribbles and press Delete.

Trans lation

We are now going ttrandate the reflected shape by the vectoF0 :

00
9 Place a point somewhere on the graph page, Aglak and choose Vector. Enter the

vector t

y Use the Scribble Tool to prediathere the points A, B, C and D will be after the shape is

trandated by the vector ; .

[\X Select the reflected shape and the vector, righitk and choose Translation.

Go to Edit > Select All Scribbles and press Delete.

[z

[F68f (KS LRAyGE 'QF . QX /Q FyR 5Q0

=
-

Select Grid Snap Tenths.

&7

Select point A on your original shape andve it around a little before putting it back.
5AR GKS LRAY(d !'Q Y2@0S +ta 6StftK wSLISHFG F2N (K¢
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Transformations in Three Dimensions
Because of the extra dimension transformations are somewhat different in t#tlireensions. In
this activity wewill see whathose differences are.

Open a new 3D Graph Page.

F:ﬂ' Click Enter Shape > Presets and ch@smhedron.a
[\i Select and drag one of the pointgaking the shape irregular. This will make it easier to
interpret the transformations.

Rotation
Inthree-dimensions you need to rotate about a line rather than a point. We will rotate our
shape 90° clockwise about theaxis.

E\i Select the shape, righdlick and choose Rotation aboutxis, changing the angle to 90°.

L»'} Select the rotated shape andaitiAnimate Object. Use the right arrow to increase the
rotation to 180°.

Enlargement
In three-dimensions the centre of enlargement is still a point.

EIEH- Place a point at (@, 0).

[\i Select the rotated shape and the centre of enlargement, fidick andchoose
Enlargement.

? Select the enlarged shape and click Animate Object. Use the right arrow to increase the
enlargement factor to 3.

Reflection
In threedimensions a plane rather than a line is required for reflection.

3 Enterthe equation: y = ﬁ'

E& Select the enlarged shape and the line y = x, fidiiock and choose Reflection.
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Angle at Centre Theorem

We are going to explore the connection between the angle at the centre of a circle and the
angle at any point on the circumference.

[,
Open a new 2[Graph Page.

Go to Axes and untick Show Key

A i
Click Degrees.

1 Select Equal Aspect Mode.

E Remove the Axes.

=
e

Placea pointanywhere then rightclick and choose Circle (Radius). Set the Radius to
3.5.

Label this point O.
= : : .
5F  Place three points on theircumference of the circle.

Label the points A, B and C.

[@ Select points A and B, righlick and choose Line Segment. Repeat for BC, OA and OC.
What do you think the angle at the circumfereris@ What about the angle at the cea®
L\X Selectpoints A,B then C, rightlick and choose AnglRepeat for AOQGicking Allow
Reflex Angle
E\X Move point B around the circleMove point A around the circle

What do you noticean you make a conjecture abdhbe angle at the centre of a circle and
the angle &any point on the circumference? Can you prove this conject@a? you
demonstrate this proof in Autograph?
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Vectors

m&z Open Autograph in Standard Level.

K E

& & &

Go to Axes and untick Show Key

Open a new 2D Graph Page.

Edit the axes sb15XxKL5 andb10 Mg XKLO, and set the pips to 1.
Select Equal Aspect Mode.

Enter three points with coordinates (18), (10, 3) and (10, .1)
Select the point at (10, 5), riglatick and choose Vector. Entere g .

Select the point at (10, 3), riglatick and chose Vector. Entel = o

Select the point at (10, 1), riglatick and choose Vector. Enter i
Enter a point with coordinate${0,55).
Select this point and the vectdx, right-click and choose Copy Vecna

Select the poihat the end of the copy vectand the vectorc, right-click and choose

Multiply Vector changing the factor to B‘

Select the pointvith coordinategb10,55), the copy vectob and the multiply vector §

right-click and choose Add Vectca

Repeat fo the following vectors:

() X+a (i2bca (iicg2b (ivia+cgcb (V) %€ca)
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Lines and Planes from Vectors
We are going to investigate the vector equatimi a inex=ab band a plangs=ab bt c.>

()

Open a newdD Graph Page.

Enterpointswith coordinates (0, 00) and (1, 1, 2)

Select (0, 0, 0) then (1, 1, 2), righick and choose Create Vector. This is veator
Use Drag Mode to look at the vector from different angles.
Click xy-z Orientation to return to the originaliew.

Enter points with coordinateg?, ¢3, 2) and €1, ¢2, 3).
Select(¢2, ¢3, 2) then €1, ¢2, 3), rightclick and choose Create Vector. This is vdztor

Select vectob the end point of vectoa, right-click andchooseMultiply Vector,

OKIy3IAy3a (K&AEI ®|’§12kj§1‘§§52 PSOU 2 NI <

UseAff G2 GeLIS <o

N

Select the point (0, 0, 0) and the vectark Y R, rightclick and choose Add Vectors.

This is the vectox=ab b.<@

oA =

{ St SO btEeSRApAMaf vecton, rightclick and choose Line from Vect(a

Use the Constant Controller to change the value.@@oncentrate on the end point of

vectorx. @

Enter points with coordinate$(¢2, 2) and Q, ¢1, 3).
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[\K Select(0, ¢2, 2) then (0¢1, 3), rightclick and choose Create Vector. This is vextor

E@ Select vectoc the end point of vectorb, right-click and choose Multiply Vector,
OKIy3aay3a GKS Tt éﬁzu\@iz > ¢KAa Aa (KS

Use AkY G2 (eSS >o

L\X Select the point (0, 0, 0) and the vectersb | Y R, right-click and choose Add

Vectors.This is the vectoy=ab b «>c. @

E@ { St SO0 b ¥ @ar2 MdEenckpoint of vectoa, rightclick and choose Plan‘a

KB Use the Constant Controller to change the values of I y@®ncentrate on the end

point of vectory. a‘

To extend this activity further you could investigate the equation of a péexe |a|2.
Open a new 3D Graph Page.

(3) Enter points with coordinate®, 0, 0) and (a, b, c).

E\K Select(0, 0, 0) then (a, b, ¢yight-click and choose Create Vectdrhis is vectoa.
Enter thre equation: ax + by + cz = a2 + b? 3

Attach a point to the plane.

.

Select theend of vectora andthe point in the plane, rightlick and Create Vecton‘

E\K Select the origin and the two vectors, rigtliick Add VectorsThis is vector. a‘

What is the value of the scalar productwafctorsx anda?
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Creating Pin Boards
Theremay be some occasions wigou want to prepare a file in advance of the lesdeor.
examplePin Boards are great for geometrical reasoning but the construction is nohe&ful.

[,
Open a new 2D Graph Page.

-
'I‘i' Select Equal Aspect Mode.

Go to Axes > Snap Settings and make sheenap is set to 1.

Click Hit Constants and set r =2and m = 3.

Thisequationis of a circle with centre (g mint(a/m), int(a/m)).

(3]
M B  Use the Constant Controller to change the value of a fromXlLiclick on Optionand
choose Family Plot. Set the Start value to 0, Finisiit&nd Step to 1.

So m is the number of columns and a is the set of integers between 0 and the number of circles

KM Use the Constant Controller to change the value of m between 1 and 12

This file can now be used to create any rectangular Pin Board.
Open a new 2D Graph Page.

% EntertreequatonE I ND2a‘ b é()i@ hy @ T NARAY' b
Click Hit Constants andetr = 0.2and s = 2.

KB Use the Constant Controller to change the valué &bm 0 to 360. Click on Optiomsd
choose Family Plot. Set the Start value to 0, Finish to 360 and Number to 12.

=
" Enter tre equationx=sco$ = a& ALY "

(3) Select the large mile rightclick and Enter Gordinates. Set the-snap to 30. This point
will now snap to the smaller circles you added.

This file can now be used to create any circular Pin Board.
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Leapfrog Puzzle

Start with three points A, B, C. Pick another point Bagour starting point and jump over A so
you end up the same distance the other side of A. From here jump oveeBC then A again,
then B again andhen C again. Try this using pen and paper first!

What happens? Does this always happen? Repeat thergwent with different positions for A,
B, CandP.

We are now going to see how to set up this problem in Autograph.
Open a new 2D Graph Page.

Select Equal Aspect Mode.

In Point Mode add four points to the page.

Label the points A, B, C and PO.

o [k 482 FF

Select point A, rightlick and choose Circle (Radius) and enter 0.2.

Mark points B, C and PO in the same way.

&

Select points PO and A in that order, rigiitk and choos€reateVector.

&7

Select the vector and point A, rightick and choose Copy \fec

Select both vectors and make them the same colour.

Label the end of the copy vector P1.

&7

Select points P1 and B in that order, rigiitk and choos€reateVector.

&7

Select the vector and point B, rigblick and choose Copy Vector.

Select bth vectors and make them the same colour.
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Label the end of the copy vector P2.
Repeat these instructions to jump over C, A again, B again and C again.
Since we have created this in Autograph we can quickly sethehthis property is true for
different positions of the points A, B, C and PO.
[\§ Select any of the points A, B, C or PO and move them around.

Can you prove this result? Hint: you can use vectors to prove the result, but not necessarily the
vectors you have used for the constructidihat isreally nice about this problem, and vectors
in general, is that it works in 3D as well as 2D. This can be particularly perplexing for students
and motivate a lot of mathematical thought.
Open a new 3D Graph Page.
0] _ .
9F  In Point Mode add four points to theage.

Select each point and give it a different colour.

&

Select points PO and A in that order, rigititk and choos€reateVector.

&

Select the vector and point A, righlick and choose Copy Vector.

Select both vectors and make them the sacodour.

Repeat these instructions to jump over B, C, A again, B again and C again.

& Open Edit Axes and in the Options tab under Axes select None and untick Show
Bounding Box.

@ Use Drag Mode to view the puzzle from different angles.
What about the proofn three dimensions?

Vectors are one of the best ways to help students to understand the transition froatdwo
three-dimensions. Results can seem far more impressive in three dimensions without the
mathematics changing at all.
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Symmetries of a Square

[
Open a new 2D Graph Page.
Edit the axes sb7 X X/ .
Select Equal Aspect Mode.

In Point Mode add four points to the page &i.( 1), (1, 1), (1t1) and £1,51).

Select all the points, rightlick and choose Group to Shape.
Enter the equation:x = 2

Use the Scribble Tool fwedictthe reflection of the square in the line.

SV N I CI, o i

Select the square and the line, rigtlick and choose Reflection.

How many lines of symmetry are theréfhat are ther equations?@
E\X To check your answers doubtdéickon the line of reflection and change the equation.

[\X Select the line and delete it.

(3) Enter a point at the origin (0, 0).

E@ Select the square and the pointight-click and choose rotation. Change the angle to 0
and wtick Show Construction Lines.

How mary angles of symmetry are there? What are they?

iy
:'} Select the rotated square and click Animate Object. Change the step to 5 and use the up
arrow to increase the angle.

Now try the activity again with other shapes. Can you create a shape with 3 rotational

symmetries and no reflectional symmetrieza
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Symmetries of a Cube

Open a new 3D Graph Page.

P:ﬂ' Click Enter Shape > Presets and choose Cube.

In 2D a shape is reflected in a line. In what do we reflect a shape in 3D?
=
ﬁ" Enter the equationx = 1 3
E\X Selectthe cube and the plane, rigidlick and choose Reflection.
Go to Edit > Select All Points, righitk and Hide Points.

How many planes of symmetry are there? What are their equati(a?

[\K To check your answers doukdtick on he planeof reflection andchange the equation.

E@ Select theplaneand delete it.

In 2D a shape is rotated around a point. What do we rotate a shape around in 3D?

ffﬂ' Enter the Vector Straight Line [x, y, z] =[O0, O, P+0, 1 a

This means a line going through the origin anthindirection defined by the vector [0, 0].1

E\X Select the cube and the line, rigblick and choos®otation about Line Set the angle to
0.

/E} Select the rotatedubeand click Animate Object. Change the step to 5 and useith
arrow to increase the agle.

Compare the rotational symmetries to those of the squdreis line is one of the axes of
rotation of a cube. Wat are the others?

E@ To check your answers doukdéick on the axis of rotation and change the last vector.

How many angles of rotation éseach of the axes of rotation have?
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Baby Weights

A friend has recently given birth to a babgighing 10 Ib, and given the larger than average size

of the baby is interested to discover the probability of having a baby larger than this. The local

doctora Q & dzZNHSNER Kl a 3IAQGSY dza RFEGF 2y wmmTtn oloeé 6SA
Normal distribution and calculate the probability of a baby weight greater than 10 Ib.

[
Open a new Statistics Page.

E'ﬂ' Click Enter Raw Data.

z A

In Excel pen thebabyweighsbEf & FAES | yR O02Lk (K O2ft dzvyy GA
MM In Autograph, rightlick in the Data column and Pasleck Use as Data Set Name and

Use as saxis Label.
So far we have only entered the raw data. To plot a histogram we needtgfoup the data.

Rightclick and select Group Data Set. Change the Class Width to 1.

I:Dl Click Histogram and select Frequency Den:a.

Now we are going to fit a Normal distribution to the data.

pEﬂ' Click Enter Probability Distribution. Select Normal and click Fit to Ia‘a.

Now to calculate the probability of a baby weight greater than 10 Ib using our model.

|n|H:u Click Probability Calculations, select Cumulatved7. The probability of a birth weigh

greater than 7.7 is displayed in the status baa

[\X Click and drag the small yellow diamadindm 7.47to 10.

Click Text Box to display the probability calculation.

The Birth Weights spreadsheetft a 2 Ay Of dzZRS&a (KS Y20 KSNR& | 3Ss KSA
not she smoked. Other interesting investigations might include the effect of smoking on birth
weight.
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Scatter Diagrams

It is possible to import a bivariate daset into Autograph but in thisdivity we are going to see
how to create alata setfrom points and we will then use thaata setto demonstrate least
squaread regression.

Open a new 2D Graph Page.

Go to Axes and untick Show Key

T

& Edit the axes so B XKLO and Oy >KL0.

00
5F  Placeabout 10 points in a pattern which demonstrates some positive regression.
Rightclick and Select All Points. Then righitk and choose Convert to Data Set.

One of the most important summary statistics for any data set is the mean.

E\X Select the data setjght-click and choose Meara

Next we will try fitting a line to our data set.

= .
5F  Place aandompoint somewhere away from the data set.

E\K Select theeandompoint and the centroid, rightlick and choose Straight Line.

E@ Select the line and the data seight-click and select-pn-x ResidualsThe value of the
sum of the squared residuals is shown in the status bar.

[\g Try to minimise the sum of the squared residuals by moving the random point. Observe
the fit of the line to the data set.

Select thedata set, rightclick and choose-gn-x Regression Line. How does this
compare to the line you found?

With Ctrl held down, click and drag one of the data points to see what effect it has on
the sum of the squared residuals.
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Poisson and Normal approximations to the Binomial
Both the Poisson and Normal distributions can be used as approximations to the Binomial, but
for which values of n and p are the approximations any good?

[,
Open a new Statistics Page.

p‘ﬂ' Click Enter Probability Distribution duselect Binomial. Enter n=20and p = Oa.

(7

& Edit the axes so B 30 and O3/ >XKL.
LT y A& fFNBHS Sy2dza3K FyR L) avYltf Sy2dz3K . Ay2YAlf
approximation for different values of n and p?

Rightclick and selectiFDependent Poissora

-
:'} Select the Binomialistribution and click Animate Object. Vary n with a step of 1, then a

step of 10. Tén vary p with a step of 0.0!a

What do you notice about the approximation? For what values of n and p epihximation
adequate?

If np and n(1g p) are large enough Binomial(n,p) b 2 NJY | { )}, Bdain Igt islinwestigate
what is meant by large enough.

Rightclick and select Fit Dependent Norm@

i
:'} Select the Binomial distribution and click Anim@&bject. Vary n with a step of 1, then a

step of 10. Then vary p with a step of O.l@

What do you notice about the approximation? For what values of n and p is the approximation
adequate?
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The Central Limit Theorem
The Central Limit Theorem tells tist regardless of the parent distribution, the distribution of
the sample means will have a Normal distribution.

[,
Open a new Statistics Page.

We are going to start by generating some data from rolls of a die.

o

=F  Click Enter Grouped Data. Under Classriftis select Integer Data and ente61Under
Data Type select Discrete. Under Frequencies select Use Raw Data and click Edit.

Click Select Distribution armthooseRectangulafDiscrete).Click Edit Distribution and
enterr-min = 1 and4max = 6ClickCreate SampleRightclick on the column header to
OKIFy3S Al Tick Uske 8siData SeeNarmheaiaaddseassxLabel.

I:D]. Click Histogram, anchooseFrequency Densitya

Doubleclick on Die Rolls. Under Frequencies click Edit, then click GisaNIanually
enter 1, 2, 3, 4, 5, 6 in the data column. We have madata setin which each value
occurs once so will be equally likely when we investigate the sample means.

Ii Click Autoscale.

Hi Click Samnple MeansChange the Sample Size to 1 atickSingle Sample. This will
generate a sample of sidgrom the Dé Rolls data set. The valuestsown by the black
arrows and the mean is shown by the blue square.

Click Sampleotgenerate 100 samples of sizeThe means are all recorded and shown
as a ot plot. Notice the shape of the distribution.

Compare the value of thenean of the sample means to tmeean of theDie Rollsdata
set Also compare the standard deviation of the sample means to the standard
deviation divided by the square root of thersple size of thdie Rollsdata set

Click Sample a few more times. When the dot plot goes off the page click Edit Dot Plot
and change the vertical spacing to 0.1.

Click Clear Samples. Repeat the eisertor Sample Sizes of 2, 5 arfid What do you
notice?
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The Central Limit Theorem in Practice

When we take a flight our baggage is weighed and there are penalties for going over the limit,

odzi oKeé INByQi ¢S 6SAIKSRK LG AUsingladathsedfS Ol dzaS 2 F
7500 weights we wilhvestigate the distribution of average weights of passengers for different

size planes.

[,
Open a new Statistics Page.

E'ﬂ' Click Enter Raw Data.

[z

In Excel open theveightsof-7500-patientsxls file and copy the column titled
owWeight(kgd € @

MM In Autograph, righiclick in the Data column and Paste. Tick Use as Data Set Name and
Use as saxis Label.

So far we have only entered the raw data. To plot a histogram we need to first group the data.

Rightclick and select Group Data Set.
I:D]. Click Histogna, and choose Frequency Densiﬁ

B click Sample Means.

Click Single Sample. This will generate a sample of size 5 from the Weights data set. The
values are shown by the black arrows and the mean is shown by the blue square.

Create a few samples and ystart to get the idea that there is a distribution of the
sample means. Click Sample to generate 100 samples of size 5.

The average weight of the passengers could vary from adskg to 90kg.
Click Clear Samples.

In 2003, there was a crash at the Chaddbouglas International Airport which may

have been partially caused by an underestimate of average passenger weights by the
FAA. In that case there were 19 passengers.

http://en.wikipedia.org/wiki/Air_Midwest Flight 5481#Cause of the crash

The average now used is 90.7kg.
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Change the Sample Size to 19.

Click Single Sample a few times to see where the black arrows are. There will come a
time when all the black arronare above the meawf the 7500 weights

Click Sample to generate 100 samples of size 19.
Click Clear Samples.

The Airbus A380 can carry up to 853 passengeisniore important to weigh
passengers on a plamehen it is very large like tH2s

Change thesample Size to 853.
Click Single Sample a few times to see where the black arrows are.
Click Sample to generate 100 samples of size 853.

Notice how small the standard deviation of the sample means is. The larger the number
of passengers the more certairevean be about the average weight of the passengers.
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Introducing Differentiation

[
Open a new 2D Graph Page.
Turn on Slow Plot Mode.
Enter the equation: y =8x; 3x¢ 1

Click Pause Plotting immediately.

N =2 H R

Students can use the Scribble Tool to ek points where the curve crosses the axes,
what happens to the curve at large negative and large positive values of x, where the
maximums and minimums are, the general shape of the curve, etc.

=7

[ Click Pause Pliig again

Go to Edit > Select All Scribbles and press Delete.

5F  In Point Mode hover over the curve until you see a black arrow-dliek to attach a
point to the curve.
E@ Select the point, then rightlick and choose Tangent.

What happens to the tagent at the maximum and minimum and the point of inflection?

E\X Select and drag the point to xc2.

y Calculate the value of the gradieot the tangentanduse the Scribble Tool tmark a
point on the graph at that y value.

Repeat this procedure for x¢1.5,¢1,¢0.5, 0, 0.5, 1, 1.5, 2.

Click Gradient Function.
Does the Gradient Function go through all the points you marked?

Go to Edit > Select All Scribbles and press Delete.
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